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Shock-induced a–v transition in titanium
C. W. Greeff,a) D. R. Trinkle, and R. C. Albers
Los Alamos National Laboratory, Los Alamos, New Mexico 87545

~Received 22 January 2001; accepted for publication 24 May 2001!

Equilibrium free energies for thea andv phases of Ti are constructed. The result is a consistent
picture of the ambient pressure, static high pressure, and shock data, as well as first-principles
electronic structure calculations. The Hugoniot consists of three segments: a metastablea-phase
region, a transition region, and anv-phase branch. All the Hugoniot data are consistent with a
transition occurring at;12 GPa. An early identification@R. G. McQueenet al., in High Velocity
Impact Phenomena, edited by R. Kinslow~Academic, New York, 1970!# of a phase transition at
17.5 GPa appears to have been an artifact. The shock Hugoniot extends further into the metastable
region than static data, indicating the existence of a relaxation process occurring on a time scale
intermediate between those of the static and dynamic measurements. ©2001 American Institute of
Physics. @DOI: 10.1063/1.1389334#
d-

ur

n

e
ca
f t
re

rv

ru

n
is

t
t

l
ion
m
gi
cu

a
ili
f

h
se

that
res-
ure-
ddi-
ic
cal
first
e

e
nt,
ntal

he

ll
-

uni-

ec-

ic,
I. INTRODUCTION

The pressure driven transition from thea ~hcp! to thev
phase in Ti was first observed by Jameison,1 and has since
been studied extensively with static high pressure2–7 and
shockwave8–11 techniques. The phase diagram of Ti, inclu
ing the a, v, and high-temperatureb ~bcc! phases was
mapped by Bundy.2 Room temperature studies on thea–v
transition show large hysteresis, with the high-press
omega phase being retained after pressure is released.3 The
onset of the transition has been observed over a wide ra
of pressures from 2.95 to 9.02 GPa. This variability may be
due to in part to differences in sample purity, which has be
observed to influence the transformation kinetics. Appli
tion of shear stress was found to reduce the hysteresis o
transformation, allowing the equilibrium transition pressu
at room temperature to be estimated at 2.060.3 GPa.4 Shock
Hugoniot measurements show anomalies in the cu
Us(Up) relating the shock and material velocities.8,11 Time-
resolved shock wave profiles show the characteristic st
ture associated with a phase transition.9,10 High-purity
samples were found to retainv phase after having bee
shocked to 11 GPa,10 indicating that the shock anomaly
associated with thea–v transition.

In the present work, we present results of our efforts
develop accurate equilibrium thermodynamic functions
describe thea–v transition in Ti. This work is fundamenta
for continuum level simulations of shock wave propagat
in solids, which require accurate equations of state. For
dia undergoing phase transitions, at least a phenomenolo
description of phase transition kinetics is required for ac
rate calculations of wave profiles.14,15 In attempting to go
beyond phenomenology, accurate equilibrium quantities
needed as a basis for more physical models of nonequ
rium processes. For these reasons, we have developed
energy functions for thea andv phases of Ti. The approac
is to use functional forms for the free energy that are ba
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on solid state physics. The functions contain parameters
are empirically adjusted. The data used include ambient p
sure thermodynamic data, static high-pressure meas
ments, the phase boundary, and shock Hugoniot. As an a
tional check, we have done first principles electron
structure calculations of the cold energies. The empiri
cold energy curves are in very good agreement with the
principles calculations, apart from a small shift of th
v-phase relative toa, confirming our understanding of th
data. The result is a consistent picture unifying the ambie
static high-pressure, and shock data, as well as fundame
theory.

II. METHODS

Our empirical Helmholtz free energy is based on t
functional form15

F~V,T!5f0~V!1Fvib~V,T!1Fel~V,T!. ~1!

Heref0(V) is the static lattice potential, the energy with a
atoms fixed at their ideal crystal positions. It is directly com
parable with the band structure total energy. We use the
versal isotherm of Roseet al.16 for f0(V):

f0~V!5f* 1
4V* B*

~B1* 21!2 @12~11h!e2h#

h5
3

2
~B1* 21!F S V

V* D 1/3

21G . ~2!

The parameters are the equilibrium volume,V* , andB* and
B1* , the bulk modulus and its pressure derivative, resp
tively, at the equilibrium volume. The parameterf* controls
the relative energy of the two phases.Fvib denotes the lattice
vibrational free energy, which is taken to be quasiharmon
and the high-temperature expansion is used17

Fvib~V,T!53kTS 2 ln@T/u0~V!#1
1

40
@u2~V!/T#2D , ~3!

whereu0 andu2 are moments of the phonon spectrum,
1 © 2001 American Institute of Physics
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ln~ku0!5^ ln~\v!&BZ

~ku2!25
5

3
^~\v!2&BZ , ~4!

and ^ &BZ denotes an average over the Brillouin zone. Eq
tion ~3! is equivalent to the first two terms in the high
temperature expansion given by Wallace17 as his Eq.~19.26!.
The notation used here is that of Boettger and Wallace.15 The
first term is the classical free energy of a harmonic lattic18

and the second term is a quantum correction. Note that in
applications, the high-temperature series is rapidly con
gent and the second term in Eq.~3! is small. The volume
dependence ofu0 is given through the Gruneisen parame

g52d ln~u0!/d ln~V!, ~5!

with g assumed to follow

g~V!5g0V/V0 , ~6!

andV0 is a reference volume. In the notation of Anderson19

Eq. ~6! corresponds toq5d ln g/d ln V51. Over the range of
densities considered here, we do not expect our results t
sensitive to this approximation. The second term in Eq.~3! is
a small correction in our applications, so we use the appr
mationu25e1/3u0 ~e is the base of the natural logarithms! at
all V.12,20The electronic excitation free energy,Fel(V,T), is
taken to have the low-temperature, Fermi liquid form

Fel~V,T!52
1

2
G~V!T2, ~7!

where G(V) is proportional to the density of states at t
Fermi surface. Its volume dependence is taken to be

G~V!5G0~V/V0!k. ~8!

We have used the following data sources in adjusting
model parameters: ambient pressure specific heat and
tropy from Refs. 21 and 22; bulk modulus from Ref. 2
pressure dependence of the bulk modulus from Ref. 24; t
mal expansion from Ref. 25; phonon spectrum from Ref.
equilibrium volume ofa phase from Ref. 27; volume ofv
phase from Refs. 1 and 3; high pressure room tempera
isotherm from Refs. 6 and 7; shock Hugoniot from Refs
and 11; calculated electronic densities of states from Refs
and 13. There is some uncertainty as to the location of
equilibrium a–v phase boundary, given the hysteresis a
impurity effects. We have chosen to use the room temp
ture transition pressure of 2.0 GPa from Zilbershteynet al.,4

and thea–b–v triple point atT5910 K, P59.4 GPa, from
Bundy2 to fix the phase boundary. At the triple point tem
perature, hysteresis is small.2

We calculate Hugoniot states by solving the jump co
dition

E2E05
1

2
~s1s0!~V2V0!, ~9!

wheres is the normal stress. For the most part, we neg
strength and sets52P, where P is the thermodynamic
Downloaded 18 Jul 2003 to 128.165.156.80. Redistribution subject to A
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pressure, then Eq.~9! can be solved forT, given V. Final
states may be in a two-phase coexistence region, in wh
case we have

E5~12l!E1~V1 ,T!1lE2~V2 ,T!

V5~12l!V11lV2 , ~10!

together with the conditions of equilibrium

P1~V1 ,T!5P2~V2 ,T!

G1~V1 ,T!5G2~V2 ,T!, ~11!

whereG is the Gibbs free energy. Eqs.~9!–~11! allow one to
solve forV1 , V2 , l, andT givenV. We refer to this solution
as the equilibrium Hugoniot. Equality of the Gibbs free e
ergies is usually relaxed in phenomenological treatments
nonequilibrium.

The strength of Ti is large, and has a nonnegligible i
pact on the Hugoniot, especially at low pressure. This
two effects on the Hugoniot calculation. First, the jump co
dition Eq. ~9! refers to theP1 wave, and its initial state is a
the Hugoniot elastic limit~HEL!, not ambient pressure. Sec
ond, the deviatoric part of the normal stress is not zero.
make the simplifying assumptions that the yield stress
shear modulus are constants. Then the deviatoric part of
normal stress is a constant at the HEL and above, and

~s1s0!52~P1PHEL12DP!. ~12!

We estimate the deviatoric part of the normal stressDP us-
ing linear elasticity as~our DP is 4/3t in the notation of Ref.
28!

DP5usHELuY S 3B

4G
11D , ~13!

whereB andG are the bulk and shear modulus, respective
Our procedure for strength corrections to the Hugoniot
then to estimate the parameters of the HEL state using lin
elasticity and assuming that the compression to the H
point is adiabatic. We then solve the jump condition, Eq.~9!,
for theP1 wave with the HEL as initial point, while account
ing for the deviatoric stress according to Eqs.~12! and~13!.
This procedure is not applicable when the plastic transitio
overdriven, and we use it only at pressures for which ther
an elastic precursor.

The total energy calculations for titanium in the hcp a
omega structure were performed using theWIEN9729 code. It
is a full-potentialLAPW code, and we used the generalize
gradient approximation as parameterized by Perdew, Bu
and Ernzerhof.30 A muffin-tin radius of 2.0 atomic units was
used, with anRMTKmax of 9.0. Thek-point mesh for the hcp
structure was an 18318312 mesh, and a 12312318 mesh
was used for the omega structure calculations. The modi
tetrahedron method of Bloechl31 was used to calculate tota
energies. Finally, for each volume, thec/a ratio was relaxed
to find the minimum energy for that volume.

III. RESULTS

The numerical values of our final free energy paramet
are given in Table I. Some thermodynamic quantities fro
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp



c
g

ll
ur
o
Th
io

lta

d

o-
e
ut

o

at
m
fro

of

th
d

ig

t
g
the

in
een
of

rin-
ed

unc-
s

sure.
ergy,

ntal
curve
e

-

2223J. Appl. Phys., Vol. 90, No. 5, 1 September 2001 Greeff, Trinkle, and Albers
our free energy are compared with experimental values
Table II. We note that there are enough parameters to exa
matchcP andS, however, to do so would require modifyin
u00, which is taken from neutron scattering data.26 Thus, the
chosen parameters represent a compromise between a
data. Also, we did not simply match the ambient temperat
data but rather attempted to match the specific heat, entr
and thermal expansion over a wide temperature range.
is illustrated in Fig. 1, which shows the entropy as a funct
of temperature at ambient pressure. There is not any com
nation of parameters that would allow us to match simu
neously the temperature23 and pressure24 dependence of the
bulk modulus BS . Once the thermal expansion is fixe
(]BS /]T)P is essentially determined byB1* , the same pa-
rameter that dominates (]BS /]P)T . Matching (]BS /]T)P

gives the valueB1* 55.4. The present value of 4.3 was ch
sen to match (]BS /]P)T , since this is more relevant to th
shock process. VaryingB1* over this range makes a small b
noticeable difference in the slope of thea phase Hugoniot.
We return to this sensitivity in our discussion of the Hug
niot below.

Thea-phase free energy is over constrained by the d
The data for thev phase are more limited, and the para
eters are not as well constrained. We have used results
band structure calculations13 to estimateG00. The calcula-
tions of Erikssonet al.12 were used to constrain the value
k, which has a weak effect on the results. The value ofu00,
which is the dominant contributor toDS, the change in en-
tropy at the transition, is adjusted to give the slope of
phase boundary. The remaining parameters are adjuste
the basis of the room temperatureP(V) data, and the high-
pressure part of the Hugoniot.

Figure 2 shows the room temperature isotherm at h
pressure along with the diffraction data.6,7 These data

TABLE II. Thermodynamic properties ofa Ti. b denotes the volumetric
thermal expansion coefficient,b5V21(]V/]T)P . Other symbols have stan
dard meanings.

Free energy Expt Units Source~Ref.!

cP 24.8 25.2 J/~mol K! 21, 22
S 31.4 30.7 J/~mol K! 21, 22
BS 107.3 107.3 GPa 23, 24
(]BS /]T)P 20.8 21.2 1022 GPa/K 23
(]BS /]P)T 4.33 4.31 24
b 2.58 2.58 1025 K21 25

TABLE I. Parameter values for free energies ofa andv Ti.

a v units

V0 10.631 10.460 cm3/mol
u00 252.0 263.4 K
g00 1.17 1.65
G0 4.631023 4.4531023 J/~K2 mol!
k 1.45 1.40
V* 10.545 10.350 cm3/mol
B* 110.08 118.0 GPa
B1* 4.3 3.05
f0* 0.0 260.0 J/mol
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strongly constrainf0 , which is the dominant contribution to
the Hugoniot. The volume of metastablev phase at ambien
pressure has been measured1,3 and has been used in adjustin
the parameters. As a crosscheck of our interpretation of
data, we compare our empirically derivedf0 with first prin-
ciples total energy calculations. This comparison is shown
Fig. 3. For this plot, the band structure energies have b
shifted in accordance with our convention that the zero
energy is the minimum of thea phasef0 . There is generally
good global agreement between the empirical and first p
ciples curves. For a quantitative comparison, we perform
least-squares fits to the band structure energies with the f
tional form off0 given be Eq.~2!. The resulting parameter

FIG. 1. Temperature dependence of the entropy of Ti at ambient pres
Symbols are data from Refs. 21 and 22. Dotted curve is present free en
dashed curve is vibrational component only.

FIG. 2. Room temperature isotherm of Ti. The symbols are experime
data: Refs. 6 and 7. Curves are the present free energy functions. Solid
is v phase alone. Dashed curve is two-phase equilibrium. Volume of thv
phase at ambient pressure from Refs. 1 and 3.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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values for the a phase are V* 510.55 cm3/mol, B*
5109.6 GPa, B1* 53.82. and for the v-phase V*
510.31 cm3/mol, B* 5111.5 GPa, B1* 53.76. The agree-
ment with the empirical parameters is at the fraction o
percent level forV* , and<6% for B* . The level of agree-
ment of B1* is not as high, but this is not unexpected for
high-order derivative. The band structure calculations pl
the minimum energy of thev phase below that of thea
phase. This has been seen in previous band struc
calculations.13,32 The present LAPW energies givef0v*
2f0a* 527.0 meV/atom, whereas the empirical free ene
givesf0v* 2f0a* 520.6 meV/atom. Thus, it appears that th
electronic structure calculations give too low an energy
the v phase with respect toa by ;6.4 meV/atom. This is a
rather small energy, and is possibly near the limits of ac
racy of the electronic structure method. There is also so
uncertainty in the empirical energies, which is primarily r
lated to the uncertainty in the location of the equilibriu
phase boundary. We expect that there may be errors on
order of 2 meV in the free energy parameterf0* on this
basis.

Figure 4 shows the Hugoniot data of McQueenet al.8

along with the recently published data from Truninet al.11 in
the Us–Up ~shock velocity–particle velocity! plane. Also
shown are our calculations for the equilibrium two-pha
Hugoniot, and the metastablea-phase Hugoniot. The curve
labeled ‘‘a with strength’’ is for the metastablea phase with
strength effects estimated using a Hugoniot elastic limit
1.85 GPa.8 We see that the data are consistent with e
other. Our interpretation is that the low pressure Hugon
data correspond to metastablea phase. The data then cros
over and join onto thev phase at high pressure. The fl
region in the crossover is presumed to correspond to
existence of a two-wave structure, during which the m
sured wave speed corresponds to the faster of the waves
two-wave region shows substantial scatter, being roughl
the range 5.5,Us,5.65. Figure 5 shows the Hugoniot in th

FIG. 3. Static lattice potentialf0(V) for a and v Ti. Symbols are first-
principles LAPW calculations. Curves are empirically derived.
Downloaded 18 Jul 2003 to 128.165.156.80. Redistribution subject to A
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pressure-volume plane. The onset of the transition regio
much less distinct in these variables, so the ranges for
start and end of the two-wave region corresponding to
shock velocities in the crossover of Fig. 4 are marked. T
phase transition starts at normal stresses in the range;10.7–
14.3 GPa. This range of transition stresses is consistent
observations of the transition in wave profiles, which gi
11.9 GPa~Ref. 9! and 10.4 GPa.10

The Hugoniot data of McQueenet al.8 showed an
anomaly, which they identified as a phase transition at 1
GPa. Two factors contributed to this interpretation. Fir
their data set did not extend to sufficiently low pressure
clearly identify thea-phase region. Second they used a va
of 5.22 km/s as the bulk sound speed, where the cor

FIG. 4. Ti Hugoniot inUs–Up plane. Circles are data from Ref. 8, squar
from Ref. 11. The solid curve is the equilibrium two-phase Hugoniot. T
dashed curve is the metastablea-phase Hugoniot. Dotted curve is fora
phase with estimated strength effects based on an HEL of 1.85 GPa.

FIG. 5. Ti Hugoniot in pressure-volume plane. The symbols are the sam
in Fig. 4. The arrows mark the approximate ranges for the beginning
end of the two-wave region as inferred from the crossover in in Fig. 4.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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value is 4.88 km/s. These two factors caused the Hugonio
appear as two straight segments whose intersection was
tified as the transition point. The McQueenet al. data are
entirely consistent~apart from the bulk sound speed! with the
more recent data from Truninet al.,11 which extend to lower
pressure. The lower pressure Hugoniot data, combined
ambient and static high pressure measurements yield a
sistent picture. The Hugoniot consists of three segments
a-phase region, a transition region, and anv-phase region,
with no phase transition at 17.5 GPa.

The present interpretation of the Hugoniot data is w
founded on independent data and theory. For instance,
calculateda-phase Hugoniot is constrained by the ambie
and static high-pressure data. We have discussed the u
tainty in the parameterB1* , which is the most important EOS
uncertainty for the Hugoniot. The parameter value we h
chosen is at the lower end of the range, consistent with
measured (]BS /]P)T . If we take the larger value, consiste
with (]BS /]T)P , the effect on the Hugoniot is similar to th
effect of strength as shown in Fig. 4. While noticeable, t
uncertainty is not nearly large enough to change our qua
tive picture. Similarly, thev-phase Hugoniot is well con
strained by the static high-pressure data, and the agree
with electronic structure calculations is good.

Boettger and Wallace15 carried out an extensive analys
of the a–e transition in shocked Fe. By comparing with
large number of VISAR profiles, they were able to obtain
rather detailed picture of the transition kinetics. In Fe, th
are metastable states that are long-lived on the time sca
both shock wave and static measurements. The kinetic
the shock consists of relaxation toward the long-lived me
stable state. This relaxation is sufficiently rapid that the
served Hugoniot corresponds to the metastable state, w
is essentially the same state obtained in static measurem
The case of Ti provides an interesting contrast. The Ti Hu
niot points extend farther up the metastablea-phase branch
than is observed in static measurements, indicating that t
is a relaxation process occurring on a time scale intermed
between those of the static and shock measurements.

The kinetics of thea–v transformation in shocked Ti ar
clearly important for understanding the extent of the me
stable branch of the Hugoniot, and may play a role in
scatter of the Hugoniot data in the transition region. Data
the kinetics are, however, sparse, and we can make
some general observations. Singhet al.33 have made quanti
tative observations of the transition kinetics under sta
pressure. They find a continuously varying relaxation ti
that depends exponentially on pressure in the range from
9 GPa. This is qualitatively consistent with the higher tra
sition threshold in shock waves, given that the time allow
for the transition is orders of magnitude shorter than in
static case. However, extrapolation from the static meas
ments gives a pressure of 19 GPa to reach a rate of 1ms21.
Evidently the transformation occurs more rapidly in t
shock than indicated by extrapolating the static data.

The fact that the apparent shock transition threshold
;10 GPa above the equilibrium phase boundary is so
what unusual. This may be attributed to the small volu
change, which leads to a small driving forceDG at a given
Downloaded 18 Jul 2003 to 128.165.156.80. Redistribution subject to A
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pressure. At 12 GPa on the Hugoniot,DG51.23103 J/mol.
This is not unusually large,34 and is comparable to the est
mated strain energy barrier for the transition.34

A measurement of the stress historys(t) showing the
transition in a shock experiment was published by Kuts9

Rather than showing a distinct third wave corresponding
the phase transition, Kutsar’s profile consists of a ramp-l
wave connecting the start of the transition to the final sta
This type of profile shows a strong kinetic influence, and
typical of the case where the first plastic wave is decay
with propagation distance into the sample.28 Kutsar’s mea-
surements were taken 15 mm into the sample, sugges
that measurements on thinner samples may show a de
dence of the apparent transition stress on sample thickn

Vohra et al.5 made observations of samples with diffe
ing purity under static high pressure, and found the trans
mation occurred more slowly at a givenP in a sample with
3800 ppm oxygen than in one with 927 ppm oxygen. Gr
et al.10 observed a three-wave structure associated with
transition in velocity interferometry~VISAR! measurements
on a shocked sample of high-purity Ti. They also found
tainedv phase in recovered high-purity samples shocked
11 GPa. Neither of these indications of the transition w
observed in a sample with 3700 ppm oxygen. These res
show a significant impact from small amounts of oxyge
Unfortunately, most of the shock data refer to samples
unspecified purity. There appears to be a significant dep
dence of the kinetic parameters of the transition on oxyg
concentration. A logical next step in mapping this pheno
enon would be to work out the dependence of the transi
rate on oxygen concentration. This would require taki
VISAR profiles on samples with controlled variations
oxygen concentration.

IV. SUMMARY AND CONCLUSIONS

In summary, we have presented parametrized equ
rium free energies fora and v Ti. These thermodynamic
functions reconcile the existing ambient, static high-press
and shock data, and are consistent with first principles t
energy calculations. The interpretation of the Hugoniot d
seems clear. The Hugoniot states lie on the metast
a-phase branch to pressures;12 GPa where the transforma
tion to theb-phase begins. The extent of the metastability
larger than is seen in static experiments, in contrast to
well-studied case of Fe.15 There is generally a pronounce
influence of kinetics on the shock-wave observations of
transition, but this has not been systematically investigate
the extent that would allow a phenomenological descript
of the transition rate. It would be interesting to develop su
a description, and to work out the dependence of the par
eters on the oxygen concentration.
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